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Abstract. The formulae for the total momentum and angular momentum of a system of two
point-charges in Wheeler-Feynman electrodynamics are integrated using the approximate
parametric equations of the trajectories in predictive relativistic mechanics. The zero- and
first-order terms in the expansion in power series of g = e, e, are evaluated exactly, and the
second-order term is calculated approximately for slow motion.

1. Introduction

There are well known formulae (Wheeler and Feynman 1949, Dettman and Schild 1954,
Anderson 1967) for the determination of the momentum and angular momentum of a
system of point-like charged particles in Wheeler-Feynman electrodynamics. However,
these formulae involve integrations along the trajectories of the particles, and therefore
they cannot be applied without prior knowledge of these trajectories. Since the basic
assumption of predictive relativistic mechanics (PRM) is that the trajectories of the
particles are completely determined by their initial positions and velocities, it is possible,
in PRM, to give formulae for the momentum and angular momentum in terms of only
these initial data. This is precisely the object of this paper, for the two-particle case,
though it has been carried out only in an approximate way.

First of all, we need the equations of the trajectories. Bel and Martin (1973a) have
given a recurrent method to obtain these trajectories up to any order in some coupling
constant g, provided the four-acceleration functions of the covariant formalism are
known up to the same order (Bel er al 1973), without having to integrate the second-
order system of differential equations of motion. In § 2 we modify their method some-
what, choosing a parameter more suited to our needs.

In the following sections we give general expressions for the four-momentum and
angular momentum, and we evaluate them up to order g exactly and the terms of order
g” approximately (for slow motion). In the conclusion the results obtained are given
more explicitly, for easier reference.

Evidently, the method employed to perform integrations along the trajectories,
using the parameter defined in § 2, is also applicable to many other problems in PRM.
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196 J L Diez Gil and A Salas
2. Parametric equations of the trajectories

We consider a system of two point-like particles whose trajectories are given by the
following system of eight second-order differential equations in the Minkowskian
space—time M t:

7 = &, ), 2.1)
whose general solution is

7 = Yalxt, ul 1)
with

VL w0 =3 ik ugi0) =

If 7 is to be the proper time along each trajectory, the u?’s are the initial four-velocities
and they are therefore subjected to the following restrictions:

u? > 0, ulu,, = —1.

Let us suppose: (i) that the two-particle system is isolated, which implies that system
(2.1) is Poincaré-invariant; and (ii) that system (2.1) is a predictive system (Bel et al 1973),
thatis, that the initial conditions x2, uf yield the same trajectories as the initial conditions
%= YixP ulst,), i = YA(xb, u}; 1) for any 1., t,. The Poincaré invariance is equiva-
lent to

GLA(zE — A%, Li24) = LiZi(zl, 2)), (2.2)

and the predictivity condition is equivalent to

d o0& o0&

9 oo = 50%a gp%a _ 5

dr, e = Hgt g, =0 23)
and

¢, = 0. (24)

The functions ¢* that satisfy Poincaré invariance are vectors that may be written in
the form (Arens 1972)

Ca = Xyt bygttly + bypisy, (2.5)
where a, and b, are functions of the four independent scalars
= —(uyuy) ry = (X3 +(Xapt4)* 12,
Sp = (Xgpta)+ (uy2) (Xgptp) 5 Vo = (Xgpthy). (2.6)

We shall suppose that these functions are known as expansions in power series of some

ta b, c,...=1,2;aand b will always be different, and there will never be summation over these indices, but
¢,d,...can take the same values as a or b, and they follow the summation convention.
aB,y,...=0,1,2,3:ijk,...=1,2,3 We use the signature +2 for M,, and unless otherwise stated, the

units are chosen so that ¢ = 1.
22 and 2§ are the positions and velocities along the trajectories, and x2, uf are reserved for the initial positions
and velocities.

T a a A - & a
Zab = 2,7 Zp, Xab = Xg—Xp.
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coupling constant g (the first terms of these expansions have been computed for the
electromagnetic interaction (Bel et al 1973, Salas and Sanchez Ron 1974) and for the
short-range scalar interaction (Bel and Martin 1974), taking in both cases g = ¢,e,;
they have also been computed for the electromagnetic interaction taking g = m,/m,
(Bel and Martin 1973b), but this is not properly a coupling constant, since there is inter-
action even when g = 0).

What we are now interested in is to find the parametric equations of the trajectories
without integrating system (2.1). Bel and Martin (1973a) have given a method to obtain
these equations, but it is only locally valid because the parameter they use does not vary
monotonically along the trajectory (however their final results are globally correct for
non-positive values of their parameter C?; for C?> = 0 they have been successfully used
by Salas and Sanchez Ron (1974)). In what follows we are going to apply their method,
but choosing a parameter 6 for each trajectory which is a monotonically increasing
function of the proper time. This parameter is defined by

Ul 2h(0,) = x5] = —0,. (2.7
Let us write
Za— Xp = PpXpat Opgliy+ Oppldy, (2.8)

where z}, p, and o, are functions of the initial conditions x¥, u} and the parameter ,. Itis
clear that (d/dt,)z; = 0, and from this equation and the following expansionst:

&= 2 ger. e = Y g, z g
n=1 n=1 n=1
Z g'o, o = ). "%, (29)
n=0

there follow (Bel and Martin 1973a)

n)
v’ _ Y a(p)a‘q)+é(p)p(3p{,q’
0y pra=n ouf
dog P (n>0) (210
b
— =~ bPg@ 4 gpeZ b ) 5 5
2y, p;q::n( be Opy + oug beP
and
opy Ba‘bo’
__=0’ : 5c(l+ (0N, 2.11
oy, dy, " Pb) 2.11)

On the other hand, from (2.7) and (2.8), we have
Oop = K™ H(VaPy— Gpat Yot ). (2.12)

The equation (2.10) with left-hand term do,,/0y, is a consequence of the other two
equations (2.10) and equation (2.11) and, therefore, it can be omitted.

t £ will always denote the coefficient of g” in the expansion of the function f into power series of g, so that

f=Zrogy"



198 J L Diez Gil and A Salas

For 7, = 0, we have z} = xj, and therefore 0, = s,+ky,,and p, = 0,5, = 0. Hence,
integrating (2.10) with these initial conditions for y, = k~'(6,—s,), we finally obtain

Vb
Py = —L >

opy”
(a(bp)(’%)‘Fﬁip)p‘é—p dy, (n>0)

“HBp—sp) pte=n Up

Yo 00.;’%) -
oy = —f > bﬁ?"%’*‘fip)pw +0ucPs” | 4Ys (2.13)
k ptg=n ub
where the integrands must be expressed in terms of k, r,, s, and y,, and the first three
scalars remain constant during the integration, as well as the parameter 8,.

" 1(8p —sp)

For n = 0 it is immediately found
p =0, oY =0, o)) = k™ (y,+6,). (2.14)

In the case of the electromagnetic interaction with g = e,e, (Lienard-Wiechert or

Wheeler-Feynman), remembering that a{!) = m; 'kr; >, bi!

—1,-3 1) __
—my 'r %y, by =0,
Vb
(1) — -1
Pe =My f

1y kyy+5,—0,) dy,
k™ Y8y —sp)

1)
(Bel et al 1973, Salas and Sanchez Ron 1974) there result for n = 1

Yb
(1) _ -1 -1
o) =my tk

re Yyl —ky,—s,+6,) dy,, (2.15)
k= 1By —sp)
with
ro = [rE+ st +2ks,y, +(k* = Dy2]'2.

The parameter 6 that we have introduced would be adequate for the following
calculations, but it is preferable to employ a new parameter which not only is a mono-

tonically increasing function of the proper time, but also takes zero value when t = 0,
that is, when z* = x*. To this end, we define
AA'b = k_ 1(ya-*_gb)s

(2.16)
and the new parameter A has the supplementary advantage of coinciding with the
proper time to order zero.

With the new parameter we have

Oop = k™ (VaPp— Tpa) + 4 (2.17)
p(bO) = 0’ 6;)2) =\, O'L?,) = )\.b.
g = e,e,, we first define

(2.18)
For the formulae corresponding to n = 1 for the electromagnetic interaction with

Yo+ b
i = [ st 2k (2= 1921y dy (2.19)
Y
and with this convention the formulae are
Pl = my k[ —J3 +(vp+ 5]
oby = my '[J —(vy+ A0 }4]

(1) -
Opp =My

(2.20)
Yk =5 A (ksp+ (K2 + 1)yp+ A5 +ky (v, + A)J 5]
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3. Four-momentum and angular momentum in Wheeler-Feynman electrodynamics
In Wheeler-Feynman electrodynamics, the four-momentum and the angular momentum
about the origin of a system of two point charges are (Wheeler and Feynman 1949,

Dettman and Schild 1954, Anderson 1967)

Pt =3 Imaug+ e, A4(x3)]

a

+ (4} 0 + o
+2€1e2(f di, f di,— f di, J- diz)é’(zfz)z‘{z(z’lz’z), (3.1
0 -« - 0
= Y {xhlmau} + e, Ay(xD)] — ximaub + e, 45(x)]}
+2e1e2(J dA, f di,— f di, J diz)[ié(zlz)(z b2y -z

—0'(z3)(h 2y — 21 25) (21 25)), (3.2)

where A%(x?) is the half-retarded plus half-advanced Lienard-Wiechert potential
produced by charge b at xZ, given by

+x
A = e [ ddli, -l

dz# dz4
o= —ca : YT a
(za = while = ) (3.3)
We may rewrite formulae (3.1)~3.3) without using the 6 function and its derivative.
For it, we define 4;(4,) (¢ = —, +) as follows:
{Z (/ ]}2 =0 Sgn{z [Ab(/‘a] z (;"a)} = e (34)

It is not difficult to see that (3.1)«3.3) are equivalent to

a 2 5 (2121202524 ,)

o (ZTz(zaz;))

043\ (2321,)

Pt =Y Imaut+ e AbxH] +—= £1% Y [—-—————Z’;Z(Z,IZ/Z)

A= Af(0), A2=0

1‘1(0)
+f di,|(z3z,)1 7} jl (3.5)
0 A=Az Ay

LE = Y {xtmu, + e AYx2)] — x2[m ul + e, A4xH)]}

eres [ (Fhz3 = 2324)(,7)) o
+ 2 Z[ |( ’ ) ’ R +J. dil|(22212)| !
2124,)(25215) A1 =35(0),42=0 0
0 (2428 —2z2Y25)(2] 2}
x (z&uziv_zivzfzu__r( 122 ?122)(2122)) :| (36)
04, (z3212) dz=ir¢(ay)
z#
A¥(xE) = bZ > 37
2 < (2521 da=0, p = 25(0) G7
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The four-momentum P* and the angular momentum L** can be written, similarly to
(2.5), in the form

P* = Dx4,+Eut + Hn**P'x  ,u, pu,, (H = 0 in PRM) (3.8)

L* = — D(x%x} — x]x4)+ E“(x uy — xuf) + F(uffu — ujuf), (3.9)
with

E'“+E* = E“. (3.10)

The relations between the coefficients of P* and some of the coefficients of L** can
be obtained for instance from the following relation (Schild 1963)

Lty = Lis — VAP + V'PX,

where L{;, and L{}, are the angular momenta about the origin and about the event V*
respectively.

4. First-order results

Up to now the formulae are completely exact, and no use has been made of PRM. This
section will be devoted to the calculation of P¥ and L* to order g = e,e,. This approxi-
mation corresponds to the substitution of the rectilinear tangent trajectories for the real
ones, as may be easily seen.

From (2.18), {9 = x%+ A,u%, which substituted into (3.4) gives

A(Aa) = k= vy + exolAa), (4.1)
with

Yolda) = [rE+ 25,4, + (k2 —1)A2]"2, 4.2)
The four-potentials are, to zero order,

. Uy
APH(xE) = e,—, (4.3)
Ty
and a straightforward calculation using (3.5) and (3.6) yields the following results for
the zero- and first-order coefficients:

DO = 0, E©a — p(Oaa _ m,, E©lab — 0, FOY =0 (4.4)
ks, s
DD — _2(_1__2)
p\ry
Ee _ E(hba krlrz—rﬁ—sﬁp:rksz)’z , Elea _ 4.5)
a
k(s,ry—s,r,) 1 (K2=1Y?r,+s
F(l) - 172 2" 1 2 2
kI—=1)p? +(k2—1)3/2 n(k2—1)1/2r1+s,
where
Pki-1t—-s2 =k *-1)i-s220 (4.6)

((k* ~ 1)~ ?p is the minimum interval between the tangents to the trajectories at x*, x3).
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5. Second-order results

In order to obtain P* and L*" up to order g2, it is first necessary to compute 4,(4,) up to
order g. From (2.8) and definition (3.4), a little calculation gives

W) = era {0 + PO (SpAat i — €t
+ 08 — o AV [(K> — 1)A,+ 5, + eky) + [0y — o4 (A1 Ve ) (5.1)
We have now all the basic elements needed to obtain P?* and L'*** from equations
(3.5)«3.7). However, the calculations are extremely involved, and we shall only compute
the leading terms in the expansion in power series of the velocities. Time-reversal
invariance indicates that the coefficients D and F are homogeneous functions of odd
degree and the E’s are homogeneous functions of even degree of the velocities. Therefore,
we are only concerned with the values of the E’s when the velocities are zero (‘static
case’), and with the terms of D linearly dependent on the velocities. Since F is the
coefficient of w{u}—uju4, and it is consequently always multiplied by at least one
velocity, we shall not compute it.

In the rest of this section we assume that the events x4 and x4 are simultaneous, that
is, x?, = 0. Then we have

k = 1+0(v?), ry = x+O(v?), Sp = X150, —0,)+O(0%),
Vp = Xgp+ U+ O(0?) (5.2)
with
x = J(x13%12) = J(X12. X1 5)
A lengthy and tedious calculation yields:

D = 4x7* Y mi(—v,+50,) . xy,+ O@?)

E®* = 3x"Hmg ' —my 1)+ O(v?)

E(z)aa - _%x—zml’—1+o(02) (5.3)
E@ — 1x=2m=1 4 2m; 1)+ O(v?)
F® = O().

6. Conclusion

For reference purposes we give here the complete results we have obtained, restoring
the ¢’s in the formulae:

S S M M“
P+ = mlu*{+m2u‘2‘+%|:ck(—l——2)x‘{2 +(kr1r2—r%—s%—kszyz)(ﬂ+12-):|
P ry r ry r,
g} 1 -1 -1 L
+; m{[m1 (=v,+50)+my (—vy+ 50y)] . x,,+ OB} x4,

1

+5(my =mg ) —ug) + OB + O(Bz)u‘i) +0(g%), (6.1)
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2
g ¢ s
L = ml(x‘fui—xiu’f)+mz(X‘iu§—x§u‘z‘)+? ck| 3 =1 (¥x3—x1x4)

+(kryry—r3—s3 —ks,y,)

1 1
(o — )+ — (¥ = ey
2 1

1 k(Sirz—Szrl) p2 \/(kz_l)r2+52 UV Vol
+E[ T T = o B R

2
1 - v v
+%(Z)‘C—Z{me_ Yo, —5v,)+m; (v, —50,)]. x5+ OB} (Xix; — x\x5)

—[3my ' + OB (xu; — xjui) — [3my ' + O(B*)](x5u3 — x3u5)

+4m7 ! +2m5t + OB (xfuy — xjug) +4my ! +2my '+ O(8)]

1 .
x (xc4u} —x§u‘f)+20(ﬁ)(u‘1‘u} - u}u‘z‘)) +0(g?), (6.2)
with
e.€, . .
8= "3 (electrostatic or Gaussian system)
or
g=ee, (electromagnetic system),
1 , 1 S\ 2
k= _Ez‘(“luz) =1, r, = (x +23(xub) ) , (6.4)
1 1 {
= () + 3 0002) ). Yy = (xaat),

p? = (kK —1)r¢—si,

W) = (1-B7)""2(c, v), = g
=x-xi=0

The coefficients of g? have been calculated for x¢, = x
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